ABSTRACT
INTRODUCTION
Due to their favourable stiffness-to-mass ratio, thin-walled structures are encountered in a wide variety of applications. It is well known that under compressive loading, thin-walled structures may loose their stability, that is they buckle. The static buckling analysis of structures is a well established topic in engineering science. However, in practice thin-walled structures are often subjected to a combination of static loading and dynamic loading. The resistance of structures liable to buckling, to withstand such dynamic loading is addressed as the dynamic stability of these structures. In the past, also many studies already have * Author for correspondence.
been performed concerning the dynamic stability of thin-walled structures. Design strategies and tools for such structures under dynamic loading loading are, however, still lacking.
We consider the dynamic stability problem of a base-excited thin beam with top mass, see Fig. 1 . The vertical beam is subjected to a static pre-load due to the presence of gravity plus a dynamic load due to a harmonic base excitation. The beam is considered to be thin, inextensible, without shear and initially not perfectly straight. By employing one or more basis functions, the continuous problem of the beam is approximated by a discrete set of equations of motion. In this approach, the inertia of the top mass is taken into account via the inextensibility constraint. The resulting equations of motion contain both nonlinear stiffness terms and nonlinear inertia terms. The forcing terms appear both in a parametric manner and in a direct manner (due to the imperfection of the beam). For the theoretical case where the beam is initially perfectly straight and when all nonlinearities are neglected, the dynamic stability problem of the beam is described by a Mathieu type differential equation [1, 2] .
Inclusion of axial inertia, for example of the beam itself or of an additional discrete mass added to the (top of the) beam, via the inextensibility constraint results in nonlinear inertia terms. Depending on the mode considered and/or the relative weight of the added discrete mass, these inertia nonlinearities can change the response of the beam from a hardening type of response to a softening type of response [3] [4] [5] . With respect to the damping of thin beams, addition of quadratic damping improves in many studies the agreement between theoretical and experimental results [4] [5] [6] . The work presented in this paper is different from other studies concerning parametric excited beams with a top mass [5, 7] , since we consider the top mass transversally and rotationally restrained (instead of completely free). Furthermore, we include the effect of an imperfection and we perform parameter studies using advanced numerical tools. In addition, we validate the results obtained using the single-mode model based on thirdorder expansions of the curvature and inextensibility constraint, through a comparison with results obtained using both a multimode model and a model based on a higher order expansions of the curvature and inextensibility constraint. The final goal of the study is to derive a design guide for base-excited thin elastic structures, addressing for example which instabilities (i.e. resonances and/or parametric resonances) are most severe and for which load parameter settings they occur. An application of the considered structure (in an initially buckled state), is for example a vibration isolator [8] .
The outline for the paper is as follows. In the next section the beam structure will be introduced and a semi-analytical model of it will be derived. In section 3, a quasi-static analysis and a modal analysis is performed. The results of these analyses will be numerically validated through a comparison with results obtained from finite element analyses. In section 4, the steady-state response of the base-excited beam is considered using numerical continuation of periodic solutions and of bifurcations. In section 5, the validity of the third-order single-mode model will be studied by performing a convergence study. Finally, in section 6 conclusions will be drawn.
EQUATION(S) OF MOTION
In this section, the semi-analytical model of the base-excited thin beam with top mass is derived. The initial shape of the thin beam is denoted by v 0 (y), the axial displacement field relative to u b (t) is indicated by u(t, y) and the transversal displacement field relative to v 0 (y) by v(t, y) (see Fig. 1 ). Since the beam is considered to be thin (h ≪ L), the displacements of the beam will be dominated by changes in curvature allowing to assume the beam to be inextensible. Setting the lengths of an infinitesimally small piece of the beam in the initial undeformed state and the deformed state equal to each other, leads to the following inextensibility constraint [9] 
where , y denotes the partial derivative ∂ ∂y . In the adopted Cartesian coordinate system [x, y], the centerline of the deformed imperfect beam is described by the curve [X(t, y),Y (t, y)], where X(t, y) = v 0 (y) + v(t, y) and Y (t, y) = y + u b (t) + u(t, y). The exact curvature of this curve follows from [10] 
y is (in this case) the 3 rd order approximation of the initial curvature. Higher order approximations include higher order terms in v, y and v 0 , y . The importance of the order of approximation of Eq. (1) and Eq. (2) for a transversally excited initially buckled beam is illustrated in [11] . The boundary conditions for the transversal displacement field of the clamped-clamped beam (see Fig. 1 
Each of the following modes a priori obeys these conditions
The first mode v 1 (y), which corresponds to the first buckling mode of the clamped-clamped beam, is used to describe the initial shape of the beam (i.e. the imperfection)
where the dimensionless parameter e serves as an imperfection measure. The transversal displacement field is discretized as
The generalized degrees of freedom
Taking into account the boundary condition u(t, 0) = 0, the axial displacement field u(t, y), corresponding to Eq. (7), can be computed by integrating Eq. (3). The kinetic energy T and the potential energy V are determined by
where A = b·h and I = b·h 3 /12. Fig. 1 ). The damping forces due to the discrete viscous dash-pot are derived using the Rayleigh dissipation function
The equations of motion are derived via Lagrange's equations
where , Q denotes ∂ ∂Q , and
top mass is scaled as m t = r 0 P c /g, where P c = 4π 2 EI/L 2 is the first static buckling load of the beam and r 0 is a dimensionless static load parameter. The base excitation is given bÿ
where r d gives the ratio between the amplitude of the dynamic and the static load. To illustrate the key features of the model, the equation of motion of the perfect beam (e = 0) for the singlemode (N = 1 in Eq. (7)) and the third-order approximation is given
The dash-pot c a results in a position dependent viscous damping force. Furthermore, Eq. (13) contains Coriolis terms and inertia nonlinearities, both due to the top mass, and stiffness nonlinearities due to the adopted nonlinear kinematic relation Eq. (4). The inertia nonlinearities are of the softening type (mass increases for increasing |Q 1 |), whereas the stiffness nonlinearities are of the hardening type (stiffness increases for increasing |Q 1 |). For e = 0, additional mass nonlinearities, stiffness terms and direct forcing terms appear in Eq. (13). In general, the (set of) equation(s) of motion corresponding to a n th order approximation of Eq. (4) and Eq. (3) are derived by the following steps (9) and Eq. (10) by symbolic integration. 5. Derive the equations of motion using Lagrange equations Eq. (11) and omit all terms in Q higher than n th order.
This procedure is implemented in Maple routines [12] , allowing to derive the equations of motions in an automatic manner.
QUASI-STATIC AND MODAL ANALYSIS
In this section, the quasi-static response of the beam is examined for various orders of expansion of Eq. (1) and Eq. (2). Subsequently, a modal analysis is performed on the linearized equations of motion in order to study the eigen-frequencies of the initially pre-stressed beam. The results are numerically validated via a comparison with results obtained using finite element analyses (FEM).
For the quasi-static analysis, we set all time-derivatives and in the equation of motion(s) to zero and consider the case r d = 0. By solving the resulting algebraic equation(s) for this case for a quasi-static varying r 0 (the only present load-parameter for this case), static buckling of the thin beam is examined. Note that a pseudo-arc-length continuation scheme is used for this purpose. In all computations, the following parameter values are used;
The quasi-static responses of the beam, using a 1-mode discretization (N = 1 in Eq. (7)) and various orders of expansion of Eq. (1) and Eq. (2), are depicted in Fig. 2 . Note that the responses are characterized by plotting both the scaled transversal deflection of the middle of the beam (v(L/2)/h) and the scaled axial deflection of the top of the beam (u(L)/L) (for the quasi-static analysis we have omitted the dependency on t of v(t, y) and u(t, y)). In the graphs also results from FEM analysis are shown. The FE model of the beam consist of fifty 3-node Timoshenko beam elements known as element type 45, see [13] . In all FEM analyses kinematic relations are used which are valid for large displacements and large rotations. Note that the Timoshenko beam theory includes the effect of axial strain and transversal shear which are absent in the semianalytical model derived in the previous section.
Since the beam is considered initially not perfectly straight (e = 1), the beam does not show a distinct buckling at r 0 = 1 but a transition near r 0 ≈ 0.95 where the displacements rapidly increase. For low load levels (see enlargement A), the FE model is axially less stiff than the semi-analytical model, irrespective of the order used for the expansions of Eq. (4) and Eq. (3). A plausible cause for this difference is the effect of axial strain which is present in the FE model and absent in the semi-analytical model. In the region r 0 ≥ 0.9, the order of expansion of Eq. (4) and Eq. (3) has significant influence on the response. Note that in this region, higher order expansions converge to the FEM results. For the depicted range of displacements and orders of expansion, inclusion of the second mode and third mode (N = 3 in Eq. (7), not shown) appeared to have no significant influence.
Next, the undamped eigen-frequencies of the beam with top mass are determined. Hereto, first the static equilibrium state for a given top mass r 0 and imperfection e is determined. Subsequently, the equation(s) of motion are linearized around this equilibrium state to determine the eigen-frequencies. The results of this approach are shown in Table 1 for various discretization approaches in combination with the third order expansions of Eq.
(1) and Eq. (2). Inclusion of the second mode and third mode in the discretization (N = 3 in Eq. (7)) decreases the first eigenfrequency slightly. Especially for the first two eigen-frequencies, the semi-analytical results are in good agreement with the FEM results. For the considered values of r 0 , higher order expansions of Eq. (1) and Eq. (2) do not show significant differences.
STEADY-STATE ANALYSIS
In this section the nonlinear dynamic response of the baseexcited beam with top mass is considered. Numerical continuation [14] of periodic solutions with the excitation frequency as continuation parameter is adopted to study the steady-state be- haviour of the beam. Furthermore, also loci of bifurcations of the computed periodic solutions in a two parameter space are computed using two parameter numerical continuation [14] . The goal of the performed study is to find out which instabilities (i.e. resonances and/or parametric resonances) are most severe and for which load parameter settings they occur. Special attention is set on the influence of the damping parameters, since it is known that the (nonlinear) damping characteristics are of great importance for the agreement between simulation results and experiments [4] [5] [6] . All results in this section are based on a model using the 3 rd order expansions of Eq. (1) and Eq. (2) and a single-mode discretization (N = 1 in Eq. (7)). The validity of this model is illustrated in the next section. Note that in all presented graphs, the periodic solutions are characterized by plotting the maximum relative transversal displacement of the middle of the beam (max [v(t, L/2)/h]). The local stability of the periodic solutions is determined using Floquet theory [14] . Stable . The (small) harmonic resonance is due to direct excitation which only is present for e = 0. The harmonic solutions decay in amplitude for |e| → 0 and transform into the static equilibrium point Q(t) = 0 for the limit case e = 0. The 1/2 subharmonic resonance, is caused by the parametric excitation and shows softening behaviour. The inertia nonlinearities, therefore, clearly outweigh the stiffness nonlinearities in this case.
Since the damping parameters c q,1 and c a are arbitrary chosen, the influence of these parameters is examined. The influence of quadratic damping is studied first. In Fig. 4 the frequencyamplitude plot for c q,1 = 0.02 (model and other parameters similar as used for Fig. 3 ) is shown. As can be noted, the additional quadratic damping force breaks up the 1/2 subharmonic resonance peak into a smaller peak and a separate peak (island). For The evolution of the 1/2 subharmonic resonance peak for a varying quadratic damping parameter is further examined by computing the loci of the cyclic fold bifurcation(s) CF and the two period doubling bifurcations PD in the parameter space spanned by c q,1 and f , see 385 (see enlargement B) , the two period doubling bifurcations merge and cease to exist, meaning that the harmonic response no longer exhibits a small region of instability around f ≈ 2 f 1 . In general, this does not guarantee that the subharmonic response has disappeared. However, the two parameter bifurcation diagram (Fig. 6) gives a strong indication that this is the case here.
Using the same two parameter continuation approach, but now with continuation parameters c a and f , the influence of the discrete dash-pot c a is studied for 1/2 subharmonic resonance due to the parametric excitation can be very severe. Using again the two-parameter continuation approach of the cyclic fold bifurcation(s) and the period doubling bifurcations, now with continuation parameters r d and f , a threshold value for r d is determined with respect to the existence of this 1/2 subharmonic resonance. For the case considered in Fig. 11 . Next to the fact that for the larger top mass also the harmonic resonance at f ≈ f 1 (for f 1 , see Tab. 1) shows softening, the global picture is similar as found for the small top mass, see Fig. 3 . In a similar manner as shown in Figs. 6 and 7 for r 0 = 0.05, the influence of the damping parameters c a and c q,1 on the 1/2 subharmonic response is show in Fig. 12 . Note that Fig. 12 (top) Fig. 10 ), also for the case r 0 = 0.5 and c a = 0.5 a threshold value for the existence of the 1/2 subharmonic response can be determined for r d , see Fig. 13 . The diagram is qualitatively similar to the diagram found for r 0 = 0.05 and c a = 0.1 (see Fig. 10 ). However, for the larger top mass, the two period doubling bifurcations merge for e = 0 at a (relatively) much lower value for r d than for the case e = 1. Therefore, it seems that the considered geometric imperfection tends to increase the threshold for instability of the harmonic response at f ≈ 2 f 1 . Note that the imperfect beam is forced in both a direct manner and in a parametric manner. The amplitude of the direct forcing depends on the initial imperfection and on the initial static deflection and apparently has a stabilizing effect of the harmonic response around f / f 1 = 2, as was also reported in [15] .
Based on the results computed using the third-order single-mode model, it can be concluded that for both cases considered (r 0 = 0.05 and r 0 = 0.5), the 1/2 subharmonic responses show a strong dependence with respect to the damping parameters. For example, without knowledge of the damping parameters, the question whether or not (for the considered level of imperfection) the 1/2 subharmonic resonance is more severe than the harmonic resonance (compare for example the cases depicted in Fig. 3 and 5) can not be answered. Experimental identification of the damping characteristics is, therefore, essential before any conclusions can be drawn on the dynamic stability limits of the base-excited beam with top mass.
CONVERGENCE OF STEADY-STATE RESULTS
During the steady-state response analysis large amplitude vibrations are found, which are possibly not accurately predicted with the third-order single-mode approach. The validity of the third-order single-mode model is, therefore, studied in this section. First, the influence of higher-order expansions of Eq. (1) and Eq. (2) for the single-mode model is illustrated by considering the stable 1/2 subharmonic response also shown in Fig. 3 for the third-order single-mode model, see elled using one mode (N = 1 in Eq. (7)) or using three modes (N = 3 in Eq. (7)) is shown in Fig. 15 ment with the difference between the first eigen frequency of the single-mode model and the first eigen frequency of the threemode model (see Tab. 1). Also, the third mode instigates an extra harmonic resonance peak around the third eigen frequency ( f ≈ 365 [Hz]). Since the considered geometric imperfection is symmetric with respect to y/L = 1/2 and the second mode is skew symmetric, the second generalized coordinate Q 2 is not directly excited. Therefore, no harmonic resonance peak appears around f ≈ f 2 . Note, however, that the second mode can be parametrically excited near f ≈ 2 f 2 . However, this is only possible for significantly higher values of r d . The influence of the extra modes on the 1/2 subharmonic response, initiated at the two period doubling bifurcations near f ≈ 2 f 1 (see Fig. 15, enlargement B) , is shown in Fig. 16 The loci of the cyclic fold bifurcations and the two period doubling bifurcations corresponding to the 1/2 subharmonic branches of the 1-mode and the 3-mode model in the space spanned by f and r d , are compared in Fig. 17 . The locus of the cyclic fold for the three-mode model is clearly less smooth than the locus of the cyclic fold for the single-mode model. This indicates that for 1.10 ≤ r d ≤ 1.51, the 1/2 subharmonic branch of the three-mode model breaks up into a number of small sep-arate branches before it disappears. Furthermore, an important observation is that the threshold value for r d for parametric resonance to occur appears to be somewhat higher for the three-mode model (r d = 1.10) than for the single-mode model (r d = 1.02). Although more research is required before this result can be generalized, this observation may be beneficial since it allows to compute a lower bound for the threshold value for r d using the (computational less expensive) single-mode model.
CONCLUSIONS
In this paper, the steady-state nonlinear dynamics of a baseexcited clamped-clamped thin beam with top mass is discussed. Based on Taylor series expansions of the inextensibility constraint and the exact curvature, and by using one or more basis functions, a semi-analytical model is derived. The semianalytical model is numerically validated trough a comparison with quasi-static and modal analysis results obtained from finite element analyses. The steady-state response of the base-excited beam is investigated for varying excitation frequency using numerical continuation . Furthermore, also loci of bifurcations are computed in a two parameter space. The validity of steadystate results, computed using the third-order single-mode model is shown. Hereto, the influence of higher-order expansions of the inextensibility constraint and the exact curvature and the influence of the number of modes used in the discretization is examined.
Since the beam is considered not to be perfectly straight, the beam is excited both in a direct manner and in a parametric manner. The response of the beam, therefore, shows both harmonic and 1/2 subharmonic resonances. Depending on the values of the damping parameters, the 1/2 subharmonic resonance due to the parametric excitation can be very severe and must be avoided. The 1/2 subharmonic resonance may appear as a resonance peak emerging from the harmonic response branch, as a separate branch (island) or as a combination of both. Despite this complicated appearance of the parametric resonance, the threshold value of the dynamic excitation parameter for the existence of parametric resonance can still be determined in a straightforward manner using the two-parameter continuation approach. The results indicate a strong dependence of the 1/2 subharmonic response on the damping parameters. Experimental identification of the damping characteristics is, therefore, essential before any conclusions can be drawn on the dynamic stability limits of the base-excited thin beam with top mass. Hereto, an experimental setup is currently under development.
